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A B S T R A C T

Hand-held instrumentation that can provide real-time information regarding the location and identity (i.e.,
type/radioisotope and local surrounding/shielding) of neutron radiation sources, via free neutron mea-
surements alone, are of interest to non-proliferation, water/oil-exploration and related neutron scattering
applications. In a previous report, template-matching techniques in two- and three-spatial dimensions were
introduced as methods for simultaneously determining the horizontal-planar location and the identity of
neutron radiation sources with a new class of volumetrically-sensitive moderating-type neutron spectrometer.
Although these methods were shown to be quite promising for this new class of instrumentation, there are three
significant factors that negatively affect their performance in practice: (1) there are a large number of templates
of interest for most practical applications; (2) many of these templates are very similar (i.e., highly correlated
or strongly degenerate); and, (3) the measurement data is superposed with environmental neutron scattering
effects. In this work, kernel Hilbert space transformations, that have been proposed to solve analogous problems
in digital image processing applications, are employed to overcome the aforementioned difficulties encountered
when analyzing spectroscopic neutron radiation measurements via template-matching techniques, and a novel
kernel Hilbert space template-matching algorithm is introduced. Four variants of this improved technique are
tested and compared via MCNP6 simulation for efficacy of localization and identification of neutron radiation
sources with this new class of neutron spectrometer.

1. Introduction

1.1. Background and motivation

The capability to identify the spatial location, isotope, and/or local
isotope-shielding environment of primary or scattered neutrons from
licit and illicit neutron sources is important to the development of
neutron source interdiction and water/oil exploration industries. Volu-
metrically sensitive moderating-type neutron detection systems present
a strong means by which unique spatio-energy signatures can be cap-
tured and analyzed to enable the aforementioned capabilities. It is the
advanced analysis of these signatures, in consideration of the neutron
scattering, energy loss and cross section dependent detection, for vary-
ing sources, source-moderator configurations, and angle-of-incidence,
that form the basis and merit of this work.
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E-mail address: carusoan@umkc.edu (A.N. Caruso).

Template-matching techniques are fundamental to applications re-
quiring pattern recognition in multispectral digital images, such as de-
tecting potential threats in medical images (MRI, CAT, X-ray, etc., [1]),
military target detection in forward-looking infrared (FLIR) imaging
systems [2], and facial or text recognition [3]. The subject of analysis
in such applications is typically a two- or three-dimensional discretized
image, for which the information (i.e., orthogonal data) provided by
each element is described by its coordinate positions and an intensity
value. The discrete coordinate positions are then enumerated, such
that the data is described by a single vector (e.g., a three-dimensional
discretized image in Cartesian coordinates, 𝑟𝑙 =

(

𝑥𝑖, 𝑦𝑗 , 𝑧𝑘
)

, where
𝑙 = 1,… , 𝑛𝑟

(

𝑛𝑟 = 𝑛𝑥 ⋅ 𝑛𝑦 ⋅ 𝑛𝑧
)

, would represent the enumerated co-
ordinate positions, 𝐼

(

𝑟𝑙
)

would represent their associated intensity
values, and the image data would be described by the single vector
𝑰 =

[

𝐼
(

𝑟1
)

,… , 𝐼
(

𝑟𝑛𝑟
)]𝑇

, in an 𝑛𝑟-dimensional ‘‘data space’’, or Hilbert

https://doi.org/10.1016/j.nima.2019.03.076
Received 1 January 2018; Received in revised form 18 March 2019; Accepted 26 March 2019
Available online 4 April 2019
0168-9002/© 2019 Elsevier B.V. All rights reserved.

https://doi.org/10.1016/j.nima.2019.03.076
http://www.elsevier.com/locate/nima
http://www.elsevier.com/locate/nima
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nima.2019.03.076&domain=pdf
mailto:carusoan@umkc.edu
https://doi.org/10.1016/j.nima.2019.03.076


C.B. Hoshor, J.E. Currie, W.H. Miller et al. Nuclear Inst. and Methods in Physics Research, A 931 (2019) 60–74

space [4]). In this context, the goal of template-matching is to de-
termine whether the subject image, or subsections thereof, ‘‘match’’
one or more known reference images of interest to the application
(i.e., templates, described in the same data space), according to an ap-
plicable measure of similarity (i.e., correlation coefficient, chi-squared
test statistic, etc.). However, template-matching suffers high rates of
failure due to template misidentification or false positive template
detection, if: (a) the number of templates of interest is large; (b) the
templates are very similar to one another; and/or, (c) the data is suscep-
tible to variations in scaling or environmental conditions (e.g., lighting,
ambient temperature, etc.).

In previous reports on neutron thermalization spatial mapping [5,
6], 1-dimensional correlation-based template matching techniques were
used to determine the identity of neutron radiation sources (i.e., source
type/isotope and local surrounding/shielding) with a volumetrically
sensitive moderating-type neutron spectrometer. In a subsequent work
[7], these template-matching techniques were extended to two and
three spatial dimensions and were introduced as methods for simul-
taneously determining the horizontal-planar location and the identity
of neutron sources. Analogous to the digital imaging applications
discussed above, the subject data in this application is a 3-dimensional
discretized instrument response, for which the information (i.e., orthog-
onal data) provided by each element (neutron detector) is described by
its coordinate positions within the instrument and an intensity value
(the number of neutrons it detects during a measurement). In this
context, template-matching is used to compare new measurement data
to an extensive template ‘‘library’’ of expected instrument responses
to various known neutron source types/radioisotopes, located at var-
ious horizontal-planar angular orientations relative to the instrument
(e.g., library responses could include the expected instrument response
to an unshielded 252Cf spontaneous fission source located at 225◦

relative to the spectrometer, a lead-shielded AmBe (𝛼, n) source at 30◦,
etc.), and determine which of these source type and angular position
combinations is most likely responsible for the newly measured data.
Although the method appeared to be very promising [7], subsequent
testing revealed that this template-matching application faces similar
obstacles to those encountered in the aforementioned digital imaging
applications. In the context of neutron measurement analysis: (a), there
are a large number of templates of interest (number of templates =
number of source types of interest × number of discretized angular
orientations), (b) many of the templates are very similar, and (c) the
data is sensitive to room/environment neutron scatter. In light of these
apparent similarities, solutions that have been proposed for digital im-
age processing applications were explored for repurposing, in an effort
to overcome the analogous difficulties encountered when analyzing
spectroscopic neutron radiation measurements via template-matching
techniques.

One potential solution [1,2,8], which will be the central focus of
this work, is to transform both the subject data and the template data
from the original data space to an alternate Hilbert space, in which one
or more (or even all) of the cited complications are alleviated (or al-
together eliminated), prior to applying template-matching techniques.
The ‘‘feature spaces’’ of kernel principal component analysis (KPCA)
are particularly well-suited candidate Hilbert spaces for this task, since
these spaces are specifically constructed to maximize the ‘‘distance’’ be-
tween template data sets (commonly referred to as ‘‘training’’ data sets
within the KPCA framework) in terms of a distance function (i.e., an
inner product) that is defined by the choice of kernel function. Thus,
templates that are very similar to one another in the original data space
are more easily discernable upon transformation to the KPCA feature
space. The primary goal of this work is to employ kernel PCA Hilbert
space transformations to improve upon the template-matching methods
introduced in [7], providing a means to more-accurately determine
the location and identity of neutron radiation sources from hand-held
moderating-type neutron spectrometer measurements.

Fig. 1.1. Photographs and renderings of a prototype 6C system showing (A) an
individual printed circuit board (PCB) with mounted 4 × 4 array of thermal neutron
detectors, (B) assembly view showing the 8 PCBs within the moderator volume
(composed of 8 recessed HDPE slabs), motherboard, capacitive touch screen display,
Li-ion battery pack, and transparent polycarbonate case (CPU not displayed), (C)
assembled instrument with the case, touch screen display, battery pack, and CPU
removed, and (D) fully assembled 6C neutron spectrometer (handle removed).

1.2. The 6C volumetrically-sensitive moderating-type neutron spectrometer

Although the general methodologies introduced in this work could
be applied to a wide variety of similar instrument designs, the dis-
cussion herein will primarily focus on the 6C (6-inch Cylindrical)
moderating-type neutron spectrometer. The active portion of the 6C
neutron spectrometer, as shown in Fig. 1.1C, consists of a 3-dimensional
array of 128 (4 × 4 × 8) thermal neutron detectors within a cylindrical
volume (diameter = 6 in., length = 12 in.) of high density polyethylene
(HDPE,

(

𝐶2𝐻4
)

𝑛) moderator. Before detailing the techniques of interest
in this current work, it is necessary to discuss a few basic neutron
transport principles that are fundamental to the 6C spectrometer’s
theory of operation, and briefly review the template-matching method
introduced in [7].

The central operational principle of the 6C spectrometer is that
free neutrons impinging on the instrument’s active volume (i.e., the
cylindrical HDPE moderating medium shown in Fig. 1.1C) undergo
elastic scattering interactions, and subsequent kinetic energy loss, with
hydrogen and/or carbon nuclei in the HDPE (i.e., neutron modera-
tion) until their energy is sufficiently reduced (i.e., thermalized) to be
detected by one of the instrument’s internal thermal neutron detec-
tors (shown in Fig. 1.1A). Thus, on average, the greater an incident
neutron’s initial kinetic energy, the further it will penetrate into the
instrument volume before being detected. Furthermore, due to inherent
asymmetries in the moderating medium’s cylindrical geometry, the
physical location (within the active volume) in which a neutron is
sufficiently thermalized for detection depends heavily upon its initial
angle and location of incidence (see Fig. 1.2).

Exploiting the probabilistic – and therefore statistically predictable
– nature of neutron scattering and thermalization in hydrogenous mod-
erating media, the methods introduced in previous work [7] sought
to thoroughly characterize the energy- and angular-dependence of the
6C spectrometer’s response matrix, i.e., intrinsic neutron detection
efficiency as a function of physical detector position, incident neutron
kinetic energy, and source-to-instrument angular orientation, 𝑅 (𝑟, 𝐸, 𝜃).
This characterization was then used to create an extensive library of
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Fig. 1.2. Simulated examples of 6C spectrometer responses – relative MSND detection intensities (color scale) as a function of (x,y,z) position (in cm, coordinate system shown in
Fig. (A)) within the cylindrical moderator volume – to an unshielded 252Cf spontaneous fission neutron source, at a standoff distance of 2 m; showing relative source-to-spectrometer
angular orientations of (A) 0◦, (B) 30◦, (C) 60◦, and (D) 90◦. Common color scale: highest detection intensity = Red → lowest detection intensity = Dark Blue, normalized to Fig.
(A) . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

instrument response templates for various neutron source types (and
shielded variants) located at various horizontal-planar angular orienta-
tions relative to the instrument, to be compared to live measurement
data via Pearson correlation-based template-matching procedures. Ad-
dressing the known shortcomings of such procedures (as discussed in
the previous section), the remainder of this work will focus on applying
improved template-matching methodologies, based upon kernel prin-
cipal component analysis (KPCA) transformations, to simultaneously
determine the location and identity of neutron sources with the 6C
spectrometer. The following section provides a derivation of the KPCA
concepts that are central to these methodologies (2.1), as well as a
description of the KPCA template-matching algorithm to be employed
herein (2.2). Four variants of this algorithm will then be tested and
compared in Section 3 via MCNP6 simulation.

2. Kernel principal component analysis (KPCA)

2.1. Derivation of the KPCA framework

Since the primary shortcoming in applying traditional template-
matching techniques to this neutron source location/identification
problem is that the library instrument response vectors are very similar
(i.e., highly correlated), the goal of KPCA, in this context, is to define a
transformation of the library dataset to a new higher-dimensional fea-
ture space, and to apply principal component analysis (PCA) techniques
in that space to produce uncorrelated ‘‘features’’ in the transformed
library vectors. Upon transformation into this less-correlated feature
space, the aforementioned shortcoming is sufficiently alleviated, such
that traditional template-matching techniques can be applied with a
substantially higher degree of accuracy.

As discussed in the previous section, each of the library instru-
ment responses can be defined by a single real-valued vector in an
𝑛-dimensional data space, R𝑛, which will be denoted

𝒙𝑗 =
[

𝑥1𝑗 ,… , 𝑥𝑛𝑗
]𝑇 , 𝑗 = 1,… , 𝑚, (1)

where 𝑖 = 1,… , 𝑛 enumerates the detector positions, 𝑗 = 1,… , 𝑚
enumerates the library source types/angular orientations (𝑚 = the
number of source types of interest × the number of discretized angular
orientations), and each 𝑥𝑖𝑗 (∈ R) is the expected relative neutron detec-
tion intensity of detector 𝑖 from library source type/angular orientation
𝑗. Thus, the entire library of instrument responses is represented by the
𝑛 × 𝑚 ‘‘library matrix’’

𝑿𝑛×𝑚 =
[

𝒙1,… ,𝒙𝑚
]

=
⎡

⎢

⎢

⎣

𝑥11 ⋯ 𝑥1𝑚
⋮ ⋱ ⋮
𝑥𝑛1 ⋯ 𝑥𝑛𝑚

⎤

⎥

⎥

⎦

. (2)

To begin, let us consider a generalized unknown functional mapping

𝜙∶ R𝑛 → F (3)

from the original 𝑛-dimensional data space, R𝑛, to a new 𝐷-dimensional
(𝐷 > 𝑛) Hilbert space, F, called a ‘‘feature space’’, such that each library
vector 𝒙𝑗 ∈ R𝑛 is mapped to 𝜙

(

𝒙𝑗
)

∈ F, and

𝑿𝑛×𝑚 =
[

𝒙1,… ,𝒙𝑚
]

→ Φ𝐷×𝑚 =
[

𝜙
(

𝒙1
)

,… , 𝜙
(

𝒙𝑚
)]

(4)

maps the 𝑛 × 𝑚 library matrix, 𝑿, in the original data space to a
𝐷 × 𝑚 library matrix, Φ, in the new feature space. Since we desire a
Hilbert space transformation that maximizes the ‘‘distance’’ between
our library datasets (making them more easily separable), we will
now apply a statistical procedure called principal component analysis
(PCA, [9]) to the mapped library data, Φ, in feature space. In this
context, the goal of PCA is to project the potentially correlated feature-
space library vectors, 𝜙

(

𝒙𝑖
)

, onto a set of linearly uncorrelated vectors
via an orthogonal transformation. Although the mapping functional,
𝜙 (⋅), has not been defined explicitly, we will assume, for now, that
each feature-space library vector, 𝜙

(

𝒙𝑗
)

, is ‘‘centered’’ (i.e., has a
mean of zero; this strong assumption will be addressed later in this
derivation). With this assumption, the feature-space library matrix, Φ,
is then ‘‘column-centered’’, allowing us to define the 𝑚 × 𝑚 sample
covariance matrix of Φ as

𝑪𝑚×𝑚 = 1
𝑚
Φ𝑇Φ = 1

𝑚

𝑚
∑

𝑗=1
𝜙
(

𝒙𝑗
)

𝜙
(

𝒙𝑗
)𝑇 . (5)
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To begin our principal component analysis in feature space, we will
now consider the eigen-decomposition of this covariance matrix, given
by

𝑪𝒗𝑖 = 𝜆𝑖𝒗𝑖, 𝑖 = 1,… , 𝐷, (6)

where the 𝜆𝑖 and 𝒗𝑖 are the eigenvalues and eigenvectors, respectively,
of the covariance matrix, 𝑪 . The eigenvalues of 𝑪 represent the vari-
ance in the eigen-directions of the feature space, F, and the eigenvector
corresponding to the largest eigenvalue is the direction in which the
feature-space library data has the largest variance. Subsequent eigen-
vectors, corresponding to the 2nd, 3rd, 4th, etc. largest eigenvalues,
are mutually orthogonal and are in the direction of 2nd, 3rd, 4th, etc.
largest variance. Thus, if Eq. (6) can be solved for the 𝜆𝑖 and 𝒗𝑖, project-
ing our feature-space library vectors, 𝜙

(

𝒙𝑗
)

, onto these eigenvectors
will maximize the variance between them, making the vectors more
easily separable in this new feature eigen-space. The feature-space PCA
projection of any data-space vector, 𝒙 (i.e., any library data vector or
new measurement data vector), onto any eigenvector, 𝒗𝑖, is given by

𝑧𝑖 (𝒙) = 𝒗𝑇𝑖 𝜙 (𝒙) . (7)

However, since we have no definition for the mapping functional,
𝜙 (⋅), we cannot analytically solve Eq. (6), as we could if we were
performing PCA in the original data space. Hence, we will now derive
a kernel method, called ‘‘kernel principal component analysis’’ (KPCA),
for performing PCA in this ill-defined feature space. We will start by
substituting the definition of the covariance matrix, Eq. (5), into its
eigen-decomposition equation, Eq. (6),
[ 1
𝑚
Φ𝑇Φ

]

𝒗𝑖 = 𝜆𝑖𝒗𝑖

⟹

[

1
𝑚

𝑚
∑

𝑗=1
𝜙
(

𝒙𝑗
)

𝜙
(

𝒙𝑗
)𝑇

]

𝒗𝑖 = 𝜆𝑖𝒗𝑖

⟹
1
𝑚

𝑚
∑

𝑗=1

[

𝜙
(

𝒙𝑗
)𝑇 𝒗𝑖

]

𝜙
(

𝒙𝑗
)

= 𝜆𝑖𝒗𝑖

⟹ 𝒗𝑖 =
𝑚
∑

𝑗=1

[

𝜙
(

𝒙𝑗
)𝑇 𝒗𝑖

𝑚𝜆𝑖

]

𝜙
(

𝒙𝑗
)

, 𝑖 = 1,… , 𝐷. (8)

From Eq. (8), we see that each eigenvector, 𝒗𝑖, is a linear combination
of the feature-space library vectors, 𝜙

(

𝒙𝑗
)

. Thus, the eigenvalues of 𝑪
can be written as

𝒗𝑖 =
𝑚
∑

𝑗=1

[

𝜙
(

𝒙𝑗
)𝑇 𝒗𝑖

𝑚𝜆𝑖

]

𝜙
(

𝒙𝑗
)

=
𝑚
∑

𝑗=1

[

𝛼𝑖𝑗
]

𝜙
(

𝒙𝑗
)

⟹ 𝒗𝑖 = Φ𝜶𝑖, 𝑖 = 1,… , 𝐷, (9)

where

𝜶𝑖 =
[

𝛼𝑖1,… , 𝛼𝑖𝑚
]𝑇 =

[

𝜙
(

𝒙1
)𝑇 𝒗𝑖

𝑚𝜆𝑖
,… ,

𝜙
(

𝒙𝑚
)𝑇 𝒗𝑖

𝑚𝜆𝑖

]𝑇

, 𝑖 = 1,… , 𝐷.

Substituting Eq. (9) into the eigen-decomposition equation, Eq. (6),
yields

𝑪
[

Φ𝜶𝑖
]

= 𝜆𝑖
[

Φ𝜶𝑖
]

⟹

[ 1
𝑚
Φ𝑇Φ

]

Φ𝜶𝑖 = 𝜆𝑖Φ𝜶𝑖
[

sub∶ Eq. (5)
]

⟹ Φ𝑇Φ𝜶𝑖 = 𝑚𝜆𝑖𝜶𝑖

⟹ 𝑲𝜶𝑖 = �̃�𝑖𝜶𝑖, 𝑖 = 1,… , 𝐷, (10)

where �̃�𝑖 = 𝑚𝜆𝑖, and 𝑲 = Φ𝑇Φ is a 𝑚 × 𝑚 Gram matrix, with
elements 𝐾𝑖𝑗 = 𝜙

(

𝒙𝑖
)𝑇 𝜙

(

𝒙𝑗
)

, i.e., inner products of feature-space
library vectors 𝜙

(

𝒙𝑖
)

and 𝜙
(

𝒙𝑗
)

(note: a Gram matrix is defined as a
matrix whose entries are inner products). Eq. (10) is now a new eigen-
decomposition equation for the Gram matrix 𝑲 , that is equivalent to

the eigen-decomposition equation for 𝑪 , Eq. (6). Since eigenvectors of
the covariance matrix, 𝒗𝑖, should be orthonormal, we have

𝒗𝑇𝑖 𝒗𝑖 = 1

⟹
[

Φ𝜶𝑖
]𝑻 [

Φ𝜶𝑖
]

= 1
[

sub∶ Eq. (9)
]

⟹ 𝜶𝑇
𝑖 Φ

𝑻Φ𝜶𝑖 = 1

⟹ 𝜶𝑇
𝑖 𝑲𝜶𝑖 = 1

[

sub∶ 𝑲 = Φ𝑻Φ
]

⟹ 𝜶𝑇
𝑖
(

�̃�𝑖𝜶𝑖
)

= 1
[

sub∶ Eq. (10)
]

⟹ 𝑚𝜆𝑖𝜶𝑇
𝑖 𝜶𝑖 = 1

[

sub∶ �̃�𝑖 = 𝑚𝜆𝑖
]

⟹ ‖

‖

𝜶𝑖
‖

‖

= 1
√

𝑚𝜆𝑖
, 𝑖 = 1,… , 𝐷. (11)

Thus, the eigenvectors of 𝑲 can be normalized by

�̃�𝑖 =
1

√

𝑚𝜆𝑖
𝜶𝑖 =

1
√

�̃�𝑖
𝜶𝑖. (12)

As was the case with the eigen-decomposition equation for 𝑪, Eq. (6), if
the eigen-decomposition equation for 𝑲 , Eq. (10), can be solved for the
�̃�𝑖 and 𝜶𝑖, the feature-space PCA projection of any data-space vector, 𝒙
(i.e., any library data vector or new measurement data vector), onto
any eigenvector, 𝒗𝑖, is given by

𝑧𝑖 (𝒙) = 𝒗𝑇𝑖 𝜙 (𝒙)
[

Eq. (7)
]

⟹=
[

Φ𝜶𝑖
]𝑇 𝜙 (𝒙)

[

sub∶ Eq. (9)
]

⟹= 𝜶𝑇
𝑖 Φ

𝑇𝜙 (𝒙)

⟹ 𝑧𝑖 (𝒙) =
𝑚
∑

𝑗=1
𝛼𝑖𝑗𝜙

(

𝒙𝑗
)𝑇 𝜙 (𝒙) , 𝑖 = 1,… , 𝐷. (13)

Hence, we have shown that an eigen-decomposition of a Gram matrix,
𝑲 , is all that is necessary to perform transformations from the original
data space, to a higher-dimensional (𝐷 > 𝑛) variance-maximized fea-
ture space. However, the mapping functional, 𝜙 (⋅), still has not been ex-
plicitly defined. Fortunately, since both the eigen-decomposition equa-
tion, Eq. (10), and the vector projection equation, Eq. (13), are now
expressed in terms of inner products, instead of explicitly defining
the mapping functional itself, we can simply define a function that
describes inner products in feature space,

𝜙 (⋅)𝑇 𝜙 (⋅) ≡ 𝑘 (⋅, ⋅) ,

called a ‘‘kernel function’’. This is commonly referred to as the ‘‘kernel
trick’’. The Gram matrix, 𝑲 , can then be constructed as a ‘‘kernel
matrix’’ (or simply, a ‘‘kernel’’), defining its elements as

𝐾𝑖𝑗 = 𝜙
(

𝒙𝑖
)𝑇 𝜙

(

𝒙𝑗
)

≡ 𝑘
(

𝒙𝑖,𝒙𝑗
)

. (14)

Substituting this definition into Eq. (13), the Kernel principal compo-
nent analysis (KPCA) projection of any data-space vector, 𝒙 (i.e., any
library data vector or new measurement data vector), onto any feature-
space eigenvector is given by

𝑧𝑖 (𝒙) = 𝒗𝑇𝑖 𝜙 (𝒙) =
𝑚
∑

𝑗=1
𝛼𝑖𝑗𝜙

(

𝒙𝑗
)𝑇 𝜙 (𝒙) =

𝑚
∑

𝑗=1
𝛼𝑖𝑗𝑘

(

𝒙𝑗 ,𝒙
)

, 𝑖 = 1,… , 𝐷.

(15)

In this context, the kernel function must be a continuous function,

𝑘∶ R𝑛 × R𝑛 → R, (16)

that is both symmetric,

𝑘
(

𝒙𝑖,𝒙𝑗
)

= 𝑘
(

𝒙𝑗 ,𝒙𝑖
)

,∀𝒙𝑖,𝒙𝑗 ∈ R𝑛, (17)

and positive semidefinite,

𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑘
(

𝒙𝑖,𝒙𝑗
)

⋅𝑐𝑖⋅𝑐𝑗 ≥ 0, ∀𝑁 ∈ N,∀𝒙1,… ,𝒙𝑁 ∈ R𝑛, ∀𝑐1,… , 𝑐𝑁 ∈ R.

(18)
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Since the template-matching techniques to be employed in this fea-
ture space are based on the Pearson product-moment cross-correlation
coefficient, the correlation kernel function

𝑘
(

𝒙𝑖,𝒙𝑗
)

= 𝑒𝑥𝑝
[

−𝛾
(

1 − 𝑟
(

𝒙𝑖,𝒙𝑗
))]

, 0 < 𝛾 ∈ R, (19)

where

𝑟
(

𝒙𝑖,𝒙𝑗
)

=

(

𝒙𝑖 − 𝒙𝑖
)𝑇 (

𝒙𝑗 − 𝒙𝑗
)

‖

‖

𝒙𝑖 − 𝒙𝑖‖‖
‖

‖

‖

𝒙𝑗 − 𝒙𝑗
‖

‖

‖

is the Pearson correlation between data-space vectors 𝒙𝑖 and 𝒙𝑗 , was the
first kernel function chosen for investigation in this work. The second
kernel function to be considered here, called the cosine kernel function,

𝑘
(

𝒙𝑖,𝒙𝑗
)

=
𝒙𝑇𝑖 𝒙𝑗

‖

‖

𝒙𝑖‖‖
‖

‖

‖

𝒙𝑗
‖

‖

‖

(20)

is the cosine of the angle between the data-space vectors 𝒙𝑖 and 𝒙𝑗 ,
and was chosen because the Pearson correlation, 𝑟

(

𝒙𝑖,𝒙𝑗
)

, is simply
the cosine kernel function applied to centered versions of 𝒙𝑖 and 𝒙𝑗 .
Thus, although there are notable similarities, there are two interesting
differences between the two kernel functions to be investigated in this
work. The first is that the correlation kernel function – due to its
centering of the data-space vectors – is invariant to separate changes
in vector location and separate positive changes in vector scale (i.e., it
is insensitive to both positive scale variations and shifts in the data)

𝑘
(

𝒙𝑖,𝒙𝑗
)

= 𝑘
(

𝑎𝒙𝑖 + 𝑏, 𝑐𝒙𝑗 + 𝑑
)

, ∀𝑏, 𝑑 ∈ R, 0 < 𝑎, 𝑐 ∈ R, (21)

while the cosine kernel function has only the scale-invariant property
(i.e., it is insensitive to positive scale variations, but is sensitive to shifts
in the data)

𝑘
(

𝒙𝑖,𝒙𝑗
)

≠ 𝑘
(

𝑎𝒙𝑖 + 𝑏, 𝑐𝒙𝑗 + 𝑑
)

, ∀𝑏, 𝑑 ∈ R, 0 < 𝑎, 𝑐 ∈ R

𝑘
(

𝒙𝑖,𝒙𝑗
)

= 𝑘
(

𝑎𝒙𝑖, 𝑐𝒙𝑗
)

, 0 < 𝑎, 𝑐 ∈ R. (22)

The second interesting difference is that, in the case of the correla-
tion kernel function, Eq. (19), the Pearson correlation, 𝑟

(

𝒙𝑖,𝒙𝑗
)

, is
substituted into an exponential function with a positive, real-valued,
adjustable constant, 𝛾, while the cosine function itself, Eq. (20), is a
kernel function. Fig. 2.1 shows how the correlation kernel function
accentuates the differences between pairs of data-space vectors 𝒙𝑖
and 𝒙𝑗 by exponentially ‘‘penalizing’’ vector pairs (in terms of kernel
function value) as the Pearson correlation between them decreases, and
how increasing the value of the adjustable parameter, 𝛾, increases the
severity of this ‘‘penalty’’.

Although the correlation kernel function centers vectors, 𝒙𝑗 , in data
space, there is no guarantee (and it is actually extremely unlikely)
that the corresponding transformed vectors, 𝜙

(

𝒙𝑗
)

, will be centered
in feature space, regardless of the kernel function used. Recall that
the feature-space vectors, 𝜙

(

𝒙𝑗
)

, were assumed to be centered at the
outset of this derivation. Since we now know that this assumption, at
best, cannot be guaranteed, let us consider centering the feature space
vectors, in light of the KPCA concepts derived thus far, by subtracting
the mean

�̃�
(

𝒙𝑗
)

= 𝜙
(

𝒙𝑗
)

− 1
𝑚

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑘
)

. (23)

Substituting this expression for centered feature-space vectors into
the definition of the Kernel matrix elements (i.e., inner products of
feature-space vectors), we have

�̃�𝑖𝑗 = �̃�
(

𝒙𝑖
)𝑇 �̃�

(

𝒙𝑗
)

=

[

𝜙
(

𝒙𝑖
)

− 1
𝑚

𝑚
∑

𝑙=1
𝜙
(

𝒙𝑙
)

]𝑇

×

[

𝜙
(

𝒙𝑗
)

− 1
𝑚

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑘
)

]

⟹ �̃�𝑖𝑗 = 𝜙
(

𝒙𝑖
)𝑇 𝜙

(

𝒙𝑗
)

− 1
𝑚

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑖
)𝑇 𝜙

(

𝒙𝑘
)

− 1
𝑚

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑘
)𝑇 𝜙

(

𝒙𝑗
)

Fig. 2.1. Contour plot of correlation kernel function values, Eq. (19), (color scale,
right, with contour lines shown in increments of 0.02) as a function of Pearson
correlation coefficient between vectors 𝒙𝑖 and 𝒙𝑗 (vertical axis), and possible values
for the adjustable parameter 𝛾 (horizontal axis, shown in log10 scale for visual clarity).

+

(

1
𝑚

𝑚
∑

𝑙=1
𝜙
(

𝒙𝑙
)𝑇

)(

1
𝑚

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑘
)

)

⟹ �̃�𝑖𝑗 = 𝜙
(

𝒙𝑖
)𝑇 𝜙

(

𝒙𝑗
)

− 1
𝑚

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑖
)𝑇 𝜙

(

𝒙𝑘
)

− 1
𝑚

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑗
)𝑇 𝜙

(

𝒙𝑘
)

+ 1
𝑚2

𝑚
∑

𝑙=1

𝑚
∑

𝑘=1
𝜙
(

𝒙𝑙
)𝑇 𝜙

(

𝒙𝑘
)

(note: in the third term, we have used the symmetric property of inner
products)

⟹ �̃�𝑖𝑗 = 𝑘
(

𝒙𝑖,𝒙𝑗
)

− 1
𝑚

𝑚
∑

𝑘=1
𝑘
(

𝒙𝑖,𝒙𝑘
)

− 1
𝑚

𝑚
∑

𝑘=1
𝑘
(

𝒙𝑗 ,𝒙𝑘
)

+ 1
𝑚2

𝑚
∑

𝑙=1

𝑚
∑

𝑘=1
𝑘
(

𝒙𝑙 ,𝒙𝑘
)

⟹ �̃�𝑖𝑗 = 𝐾𝑖𝑗 −
1
𝑚

𝑚
∑

𝑘=1
𝐾𝑖𝑘 −

1
𝑚

𝑚
∑

𝑘=1
𝐾𝑗𝑘 +

1
𝑚2

𝑚
∑

𝑙=1

𝑚
∑

𝑘=1
𝐾𝑙𝑘. (24)

Writing this expression in matrix form yields

�̃� = 𝑲 − 11∕𝑚𝑲 −𝑲11∕𝑚 + 11∕𝑚𝑲11∕𝑚, (25)

where 𝟏1∕𝑚 is an 𝑚 × 𝑚 matrix with values of 1∕𝑚 for all elements.
Thus, any kernel matrix, 𝑲, constructed using any symmetric positive
semidefinite kernel function, 𝑘

(

𝒙𝑖,𝒙𝑗
)

, can be subsequently centered
via application of Eq. (25), such that our initial assumption is satisfied.

2.2. KPCA template-matching algorithm

Having derived the necessary kernel principal component analysis
concepts, we are now aptly equipped to introduce the algorithm for per-
forming template-matching in a KPCA feature space. The description of
this algorithm will be divided into two major sections: ‘‘preprocessing’’
and ‘‘real-time analysis’’. As these names suggest, the preprocessing
steps include all calculations that can be carried out prior to collecting
new measurement data with the 6C spectrometer, and the real-time
analysis steps include all calculations that must be carried out in real
time as new instrument data is collected.

2.2.1. Preprocessing
Step 1: Define the library matrix, 𝑿, in the form of Eqs. (1) and (2).
In this work, we will consider two different library matrix defini-

tions, which will be referred to as the ‘‘three-dimensional (3D) library
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matrix’’ and the ‘‘two-dimensional (2D) library matrix’’. For the 3D
library matrix, we begin by describing the response of the 6C spectrom-
eter, in general, as a set of 128 (one for each thermal neutron detector
in the instrument) 3-dimensional discretized measurements, for which
the information provided by each neutron detector is described by its
neutron detection intensity as a function of its Cartesian coordinate
positions within the instrument (Fig. 2.2, left),

𝐼
(

�̃�𝑎, �̃�𝑏, �̃�𝑐
)

, 𝑎 = 1,… , 8, 𝑏 = 1,… , 4, 𝑐 = 1,… , 4. (26)

The discrete coordinate positions are then enumerated,

𝑟𝑖 =
(

�̃�𝑎, �̃�𝑏, �̃�𝑐
)

, 𝑖 = 1,… , 128 (= 8 ⋅ 4 ⋅ 4) , (27)

such that

𝑥𝑖 ≡ 𝐼
(

𝑟𝑖
)

, 𝑖 = 1,… , 128 (= 8 ⋅ 4 ⋅ 4) , (28)

represents the neutron detection intensities for each detector position,
and the 3D instrument response is described by the single vector

𝒙 ≡
[

𝑥1,… , 𝑥128
]𝑇 =

[

𝐼
(

𝑟1
)

,… , 𝐼
(

𝑟128
)]𝑇 (29)

in a 128-dimensional data space, R128. The example 3D library data
set used in this work contains 𝑚 = 360 of these 128-dimensional
vectors, representing expected instrument responses to five different
unshielded neutron source types (252Cf, AmBe, PuBe, Pu metal, and
PuO2) located at 72 different discretized source-to-instrument angular
orientations in the horizontal plane (0◦ to 355◦ in 5◦ increments; 𝑚 =
360 library vectors = 5 source types of interest × 72 discretized angular
orientations, see [7] for details on how library data sets are generated).
Then, in the form of Eqs. (1) and (2), each 3D data-space library vector
is denoted

𝒙𝑗 =
[

𝑥1,𝑗 ,… , 𝑥128,𝑗
]𝑇 , 𝑗 = 1,… , 360, (30)

where 𝑖 = 1,… , 128 enumerates the detector positions, 𝑗 = 1,… , 360
enumerates the library source types/angular orientations, and each 𝑥𝑖𝑗
(∈ R) is the expected relative neutron detection intensity of the detector
located at position 𝑖 from library source type/angular orientation 𝑗.
Thus, the entire library of instrument responses is represented by the
128 × 360 ‘‘3D library matrix’’

𝑿128×360 =
[

𝒙1,… ,𝒙360
]

=
⎡

⎢

⎢

⎣

𝑥1,1 ⋯ 𝑥1,360
⋮ ⋱ ⋮

𝑥128,1 ⋯ 𝑥128,360

⎤

⎥

⎥

⎦

. (31)

Since, in this current work, we are concerned with determining the
angular location of neutron sources in the horizontal plane only, for
the 2D library matrix, we begin by describing the response of the 6C
spectrometer in the two horizontal-planar dimensions only (i.e., the
�̃� and �̃� dimensions in the coordinate system defined in Fig. 2.2), by
summing the detection intensities of all neutron detectors that are
aligned vertically (Fig. 2.2, right),

𝐼
(

�̃�𝑎, �̃�𝑐
)

=
4
∑

𝒃=1
𝐼
(

�̃�𝑎, �̃�𝑏, �̃�𝑐
)

, 𝑎 = 1,… , 8, 𝑐 = 1,… , 4. (32)

Similarly, the discrete coordinate positions are then enumerated

𝑟𝑖 =
(

�̃�𝑎, �̃�𝑐
)

, 𝑖 = 1,… , 32 (= 8 ⋅ 4) , (33)

such that

𝑥𝑖 ≡ 𝐼
(

𝑟𝑖
)

, 𝑖 = 1,… , 32 (= 8 ⋅ 4) , (34)

represents the neutron detection intensities for each horizontal-planar
detector position, and the 2D instrument response is described by the
single vector

𝒙 ≡
[

𝑥1,… , 𝑥32
]𝑇 =

[

𝐼
(

𝑟1
)

,… , 𝐼
(

𝑟32
)]𝑇 (35)

in a 32-dimensional data space, R32. The 2D library data set used
in this work also contains 𝑚 = 360 of these 32-dimensional vectors,
representing expected 2D instrument responses to the same five neutron

source types, located at the same 72 discretized source-to-instrument
angular orientations in the horizontal plane. Then, in the form of Eqs.
(1) and (2), each 2D data-space library vector is denoted

𝒙𝑗 =
[

𝑥1,𝑗 ,… , 𝑥32,𝑗
]𝑇 , 𝑗 = 1,… , 360, (36)

where 𝑖 = 1,… , 32 enumerates the unique horizontal-planar detector
positions, 𝑗 = 1,… , 360 enumerates the library source types/angular
orientations, and each 𝑥𝑖𝑗 (∈ R) is the sum of the expected neutron
detection intensities of detectors located at horizontal-planar position 𝑖,
from library source type/angular orientation 𝑗. Thus, the entire library
of instrument responses is represented by the 32 × 360 ‘‘2D library
matrix’’

𝑿32×360 =
[

𝒙1,… ,𝒙360
]

=
⎡

⎢

⎢

⎣

𝑥1,1 ⋯ 𝑥1,360
⋮ ⋱ ⋮

𝑥32,1 ⋯ 𝑥32,360

⎤

⎥

⎥

⎦

. (37)

The remaining steps of the KPCA template-matching algorithm are
applicable using either the 3D or 2D definition of the library matrix.
The number of data-space library vectors, 𝑚 = 360, is same for the 3D
and 2D definitions, but the number of data-space coordinate positions
is 𝑛 = 128 for the 3D definition and 𝑛 = 32 for the 2D definition.

Step 2: Choose a kernel function, 𝑘
(

𝒙𝑖,𝒙𝑗
)

, and construct the kernel
matrix, 𝑲 , by applying Eq. (14) to the library matrix, 𝑿 =

[

𝒙1,… ,𝒙𝑚
]

(for 𝑖 = 1,… , 𝑚 and 𝑗 = 1,… , 𝑚).
In this work, we will test and compare the efficacy of four different

kernel matrices, constructed through application of both the correlation
kernel function, Eq. (19), and the cosine kernel function, Eq. (20),
to both the 3D and 2D library matrices, as defined in Step 1. These
kernel matrices will be referred to as the 3D-Correlation kernel matrix,
3D-Cosine kernel matrix, 2D-Correlation kernel matrix, and 2D-Cosine
kernel matrix. The KPCA template-matching algorithm, as defined in
this section, employing each of these kernel matrices will be referred
to as the 3D-Correlation KPCA algorithm, 3D-Cosine KPCA algorithm,
2D-Correlation KPCA algorithm, and 2D-Cosine KPCA algorithm.

Step 3: Apply Eq. (25) to center the kernel matrix.
Step 4: Solve the feature-space eigen-decomposition equation,

Eq. (10), for the centered kernel matrix to find the feature-space
eigenvectors, 𝜶𝑖, and their corresponding eigenvalues, �̃�𝑖.

�̃�𝜶𝑖 = �̃�𝑖𝜶𝑖, 𝑖 = 1,… , 𝑚, (38)

where �̃� represents the centered kernel matrix obtained from step 3.
Note: for all four cases tested herein, the Python routine ‘‘eigh’’ from

the Numpy linear algebra package ‘‘linalg’’ [10,11] was used to perform
this eigen-decomposition step.

Step 5: Find and remove any feature-space eigenvectors that corre-
spond to zero (or negligibly small) eigenvalues (i.e., if �̃�𝑖 = 0, or �̃�𝑖 ≅ 0,
for any 𝑖, remove the corresponding 𝜶𝑖).

Although this is an important step in kernel principal component
analysis in general, and is thus included in this algorithm description,
there did not happen to be any zero (or negligibly small) eigenvalues
for any of the four kernel matrices tested in this work. Hence, all 𝑚
eigenvectors were included in the analysis for each case.

Step 6: Normalize all remaining feature-space eigenvectors using
Eq. (12),

�̃�𝑖 =
1

√

�̃�𝑖
𝜶𝑖, 𝑖 = 1,… , 𝑚. (39)

Here, 𝐷 (the dimension of the KPCA feature space) in Eq. (12) has been
replaced by 𝑚, since all 𝑚 eigenvectors were included in the analysis for
each case tested in this work. However, if any zero (or negligibly small)
eigenvalues had been found in Step 5, the corresponding eigenvectors
would have been removed, such that the feature space dimension, 𝐷
(< 𝑚), would have been the number of eigenvectors remaining after
Step 5.

Step 7: Sort the normalized feature-space eigenvectors, according to
their corresponding eigenvalues, in descending order.
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Fig. 2.2. Example illustration of 3D (left) and 2D (right) descriptions of a typical 6C spectrometer response, showing the 3D and 2D library instrument responses to an unshielded
252Cf neutron source at a source-to-instrument angular orientation of 0◦ in the horizontal plane (i.e., source located at [−200 cm, 0 cm, 0 cm] in the coordinate system defined
in the figure).

Step 8 (projection of library data into feature space): Employ
Eq. (15), to project each of the data-space library vectors, 𝒙𝑘, onto each
of the sorted, normalized, feature-space eigenvectors, �̃�𝑖.

𝑧𝑖
(

𝒙𝑘
)

=
𝑚
∑

𝑗=1
�̃�𝑖𝑗𝑘

(

𝒙𝑗 ,𝒙𝑘
)

, 𝑖 = 1,… , 𝑚, 𝑘 = 1,… , 𝑚 (40)

Here, the eigenvector elements, 𝛼𝑖𝑗 , in Eq. (15) have been replaced by
the normalized elements, �̃�𝑖𝑗 , obtained from Step 6, 𝑘 (⋅, ⋅) is the kernel
function chosen in Step 2, and the single generalized data-space vector,
𝒙, in Eq. (15) has been replaced by 𝒙𝑘 (for 𝑘 = 1,… , 𝑚), because we
desire a projection of each of the 𝑚 data-space library vectors onto each
of the 𝑚 feature-space eigenvectors. The vectors

𝒛𝑘 ≡
[

𝑧1
(

𝒙𝑘
)

,… , 𝑧𝑚
(

𝒙𝑘
)]𝑇 , 𝑘 = 1,… , 𝑚, (41)

obtained from Eq. (40), are the new 𝑚-dimensional feature-space li-
brary vectors, and

𝒁𝑚×𝑚 ≡
[

𝒛1,… , 𝒛𝑚
]

=
⎡

⎢

⎢

⎣

𝑧1
(

𝒙1
)

⋯ 𝑧1
(

𝒙𝑚
)

⋮ ⋱ ⋮
𝑧𝑚

(

𝒙1
)

⋯ 𝑧𝑚
(

𝒙𝑚
)

⎤

⎥

⎥

⎦

(42)

is the new 𝑚×𝑚 feature-space library matrix, to be used in our feature-
space template-matching analysis. Again, if any zero (or negligibly
small) eigenvalues were found in Step 5, the feature space would be
𝐷-dimensional instead of 𝑚-dimensional (𝐷 < 𝑚), such that Eq. (40)
would be applied for 𝑖 = 1,… , 𝐷, each 𝒛𝑘 would have 𝐷 entries, and
𝒁 would be a 𝐷 × 𝑚 matrix. Recall that each (𝑚- or 𝐷-dimensional)
feature-space library vector, 𝒛𝑘, corresponds to a particular neutron
source type that is located at a particular horizontal-planar angular ori-
entation relative to the instrument, and 𝑚 is the total number of source
type/angular orientation combinations represented in the feature-space
library matrix, 𝒁. Thus, for this template-matching application, it is
critical to keep track of which template source types/angular ori-
entations correspond to which library vector indices throughout the
algorithm’s implementation. Note: Although there are many differ-
ent methods for recording and tracking this information, since the
algorithm was implemented in Python for this work, the built-in ‘‘dic-
tionary’’ data structure was an obvious and convenient choice for this
bookkeeping task.

2.2.2. Real-time analysis
Step 0: Apply Eqs. (26)–(29) to live 6C spectrometer measurement

data to generate a 3D data-space measurement vector, and/or apply
Eqs. (32)–(35) to generate a 2D data-space measurement vector.

Step 1 (projection of measurement data into feature space): Employ
Eq. (15), to project the data-space measurement vector, 𝒙, onto each of
the sorted, normalized, feature-space eigenvectors, �̃�𝑖.

𝑧𝑖 (𝒙) =
𝑚
∑

𝑗=1
�̃�𝑖𝑗𝑘

(

𝒙𝑗 ,𝒙
)

, 𝑖 = 1,… , 𝑚 (43)

Here, the feature-space eigenvector elements, 𝛼𝑖𝑗 , in Eq. (15) have been
replaced by the normalized elements, �̃�𝑖𝑗 , obtained from Preprocessing
Step 6, 𝑘 (⋅, ⋅) is the kernel function chosen in Preprocessing Step 2, and
𝒙, which represented any general data-space vector in Eq. (15), now
represents the data-space measurement vector obtained from Step 0.
The vector

𝒛 ≡
[

𝑧1 (𝒙) ,… , 𝑧𝑚 (𝒙)
]𝑇 (44)

obtained from Eq. (43), is the new 𝑚-dimensional (𝐷-dimensional if any
zero, or negligibly small, eigenvalues are found in Preprocessing Step
5) feature-space measurement vector to be used in our feature-space
template-matching analysis.

Step 2 (template-matching in feature space): Calculate the normal-
ized Pearson product-moment cross-correlation coefficient, 𝑟𝑘, between
the feature-space measurement vector, 𝒛, and each feature-space library
vector, 𝒛𝑘.

𝑟𝑘 = 1
𝑚

𝑚
∑

𝑖=1

𝑧𝑖 (𝒙) − 𝒛
𝜎𝒛

⋅
𝑧𝑖
(

𝒙𝑘
)

− 𝒛𝑘
𝜎𝒛𝑘

, 𝑘 = 1,… , 𝑚, (45)

where 𝒛 and 𝜎𝒛 are the average and standard deviation, respectively,
of the elements of 𝒛, and 𝒛𝑘 and 𝜎𝒛𝑘 are the average and standard
deviation, respectively, of the elements of 𝒛𝑘.

Each normalized Pearson cross-correlation coefficient, 𝑟𝑘, which
results in a value in the range [−1, 1], is a measure of linear correlation
(similarity) between the feature-space measurement vector, 𝒛, and a
particular feature-space library vector, 𝒛𝑘, where 𝑟𝑘 = 1 indicates a total
positive correlation (the vectors are exactly the same), 𝑟𝑘 = 0 indicates
no correlation (the vectors are entirely different), and 𝑟𝑘 = −1 indicates
a total negative correlation (the vectors are exactly opposite).

Step 3 (template-matching in feature space): Calculate the adjusted
coefficient of determination, 𝑑𝑘, between the feature-space measure-
ment vector, 𝒛, and each feature-space library vector, 𝒛𝑘.

If 𝑟𝑘 is positive or zero, calculate the adjusted coefficient of deter-
mination as

𝑑𝑘 ≡ 𝑟2𝑘, 𝑘 = 1,… , 𝑚, (46)
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and if 𝑟𝑘 is negative, calculate the adjusted coefficient of determination
as

𝑑𝑘 ≡ −
(

𝑟2𝑘
)

, 𝑘 = 1,… , 𝑚. (47)

The square of the normalized Pearson cross-correlation coefficient, 𝑟2𝑘,
called the ‘‘coefficient of determination’’, results in a value in the range
[0, 1] that represents the magnitude of linear correlation (similarity)
between the two vectors 𝒛 and 𝒛𝑘. Since, for this application, a negative
𝑟𝑘 value does not represent a ‘‘good match’’ between the 𝑘th feature-
space library vector and the feature-space measurement vector, we
have defined an ‘‘adjusted coefficient of determination’’, 𝑑𝑘 (Eqs. (46)
and (47)), which is the figure of merit that we truly wish to maximize.

Step 4 (template-matching in feature space): Identify the source
type/angular orientation that corresponds to the largest 𝑑𝑘 value cal-
culated in Step 3.

The source type/horizontal-planar angular orientation correspond-
ing to the largest adjusted coefficient of determination is chosen as
the most likely origin of the neutron radiation incident on the 6C
spectrometer (of those represented in the library). Since the ‘‘prepro-
cessing’’ steps, Eqs. (26)–(42), are performed before any measurements
are taken, and the steps in this section, Eqs. (43)–(47), are few and
computationally inexpensive, the neutron source location and identity
information provided by this analysis can be deduced and displayed to
the instrument’s user in real-time updates as new measurement data is
accumulated.

3. Simulation testing and comparison of KPCA template-matching
algorithms

3.1. Description of simulation tests

To assess the theoretical efficacy of the kernel PCA template-
matching algorithms detailed in Section 2, a set of MCNP6 simulations
was conducted, in which a detailed model of the 6C spectrometer
(Fig. 3.1A) was exposed to neutron radiation from five different un-
shielded source types –252Cf, AmBe, PuBe, Pu metal, and PuO2 (each
neutron energy spectrum was obtained from [12]) – located at 72
different horizontal-planar angular orientations – 0◦ to 355◦ in 5◦

increments (as defined in Fig. 3.1B) – relative to the instrument model
(5 source types × 72 angular orientations = 360 MCNP6 simulations
total). For all simulations run (i.e., for all source types and all angular
orientations) 1E7 neutrons were emitted from a point source, located
two meters from the center of the instrument’s active volume, into a
cone of possible directions. To insure that the source neutrons could im-
pinge anywhere on the instrument’s cylindrical active volume (i.e., the
HDPE moderating medium), regardless of source-to-spectrometer angu-
lar orientation simulated, the apex angle, 2𝜃, of this cone of directions
was defined as

2𝜃 = 2 ⋅ tan−1
⎡

⎢

⎢

⎢

⎣

√

𝑟2 + (𝐿∕2)2

(200 cm) − 𝑟

⎤

⎥

⎥

⎥

⎦

, (48)

where 𝑟 and 𝐿 are the radius and length (in cm) of the cylindrical active
volume, respectively (this, ∼10.12◦, is nearly as small as the apex angle
can be at 90◦ and 270◦ angular orientations, see Fig. 3.1B, to insure
neutron incidence is possible over the entire active volume). The solid
angle for the cone of emission directions is then

Ω = 2𝜋 (1 − cos 𝜃) = 2𝜋

⎡

⎢

⎢

⎢

⎣

1 − cos

⎡

⎢

⎢

⎢

⎣

tan−1
⎛

⎜

⎜

⎜

⎝

√

𝑟2 + (𝐿∕2)2

(200 cm) − 𝑟

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

⎤

⎥

⎥

⎥

⎦

. (49)

If it is assumed that the simulated 1E7 neutrons emitted into Ω sr
represents an angular sampling of the 𝑁 neutrons emitted isotropically

from the source of interest (into 4𝜋 sr), then each simulation represents
a total of

𝑁 = 1E7 ⋅ 4𝜋
Ω

= 2E7 ⋅

⎡

⎢

⎢

⎢

⎣

1 − cos

⎡

⎢

⎢

⎢

⎣

tan−1
⎛

⎜

⎜

⎜

⎝

√

𝑟2 + (𝐿∕2)2

(200 cm) − 𝑟

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

⎤

⎥

⎥

⎥

⎦

−1

(50)

neutrons emitted from the source type of interest. Since 𝑟 = 7.62 cm
and 𝐿 = 30.48 cm for the 6C spectrometer, each simulation represents
𝑁 = 5.12916 × 109 neutrons emitted isotropically.

Fig. 1.2 shows the simulated 252Cf data vs. source-to-instrument
angular orientation for orientations of 0◦, 30◦, 60◦, and 90◦. The 3D-
Correlation, 3D-Cosine, 2D-Correlation, and 2D-Cosine KPCA template-
matching algorithms were each applied to all simulated instrument
measurements to determine both the angular location and identity of
the neutron source in each case.

3.2. Simulation test results and analysis

Figs. 3.2–3.5 show the test results for the 3D-Correlation, 3D-Cosine,
2D-Correlation, and 2D-Cosine KPCA template-matching algorithms, re-
spectively. In each plot, the neutron source type simulated is indicated
by the plot title (in blue), the source-to-spectrometer horizontal-planar
angular orientation simulated is labeled ‘‘True Angle’’ (horizontal axis),
the angular orientation determined by the KPCA template-matching
algorithm is labeled ‘‘Measured Angle’’ (vertical axis), correct source
type identifications are represented by blue data points, and incorrect
source identifications are represented by red data points, with red
data labels indicating the misidentified source type. Two additional
quantities are given in the legend of each figure, the average angular
error and the average ID error. The average angular error (absolute)
for each plot is calculated as

1
72

72
∑

𝑖=1
min

(

𝜃𝑇𝑖 − 𝜃𝑀𝑖 + 360 (mod 360) , 𝜃𝑀𝑖 − 𝜃𝑇𝑖 + 360 (mod 360)
)

, (51)

where 𝑖 = 1,… , 72 enumerates the simulation results represented in
each plot, each 𝜃𝑇𝑖 is the ‘‘true angle’’ (in degrees) in simulation 𝑖, and
each 𝜃𝑀𝑖 is the ‘‘measured angle’’ (in degrees) from applying the KPCA
template-matching algorithm to the instrument count data obtained
from simulation 𝑖. The average ID (source type identification) error is
calculated as

1
72

72
∑

𝑖=1
𝜀𝑖, (52)

where each 𝜀𝑖 is equal to zero if the neutron source type was correctly
identified by the KPCA template-matching algorithm for simulation
𝑖, and is equal to one if the neutron source type was not correctly
identified for simulation 𝑖.

The simulation test results shown in Figs. 3.2–3.5 show that each
of the KPCA template-matching algorithm variants performed quite
well. For each method variant and each neutron source type tested,
the average error in determining the angular source location in the
horizontal plane was less than ±2.2◦, and the true neutron source was
correctly identified in all but one of the 1440 method tests (72 angular
orientations × 5 source types × 4 algorithm variants = 1440 tests total);
using the 2D Correlation KPCA template-matching algorithm, a PuBe
source simulated at a 75◦ angular orientation was misidentified as a
252Cf source at a 75◦ angular orientation. Further inspection of the
angular orientation results reveals that individual angular errors most
frequently occur near true angles of 0◦, 90◦, 180◦, and 270◦. These
angular source positions each lie on symmetry axes of the instrument’s
cylindrical moderator volume (i.e., 0◦ and 180◦ lie on the x axis and
90◦ and 180◦ lie on z axis, Fig. 3.1), and many of the thermal neutron
detectors within this volume share common coordinate positions with
respect to these symmetry axes (i.e., in the coordinate system defined in
Fig. 3.1, there are 8 unique x-axial coordinate positions, each shared by
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Fig. 3.1. (A) Detailed MCNP6 model of the 6C neutron spectrometer. (B) Example of a simulated 6C spectrometer response – neutron detector count intensity (color code, red =
highest intensity → dark blue = lowest intensity) as a function of physical position within the cylindrical moderator volume – to a bare 252Cf spontaneous fission neutron source
located at an angular orientation of 0◦ in the horizontal 𝑥-𝑧-plane (indicated by a yellow star). Angular orientations of 0◦ to 315◦ in 45◦ increments are shown to illustrate the
way in which neutron source horizontal-planar angular locations are defined in this work, relative to midpoint of the 6C spectrometer’s central axis . (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

16 detectors, and there are 4 unique z-axial positions, each shared by
32 detectors). When a neutron source is aligned with one of these axes,
several of the detectors that share common coordinate positions along
this axis have similar moderator penetration depths (on average), and
thus provide very similar neutron thermalization information. Since
the instrument’s detectors provide less unique information near these
orientations, 6C measurements (as well as response libraries) are more
similar to one another near these angles, making them the most difficult
to distinguish regardless of the method applied.

The two plots in Fig. 3.6 provide a summary of the simulation test
results detailed in Figs. 3.2–3.5. Fig. 3.6A is a visual representation of
the average angular errors, Eq. (48), that were given numerically in
the legend of each plot of Figs. 3.2–3.5 From this figure, we can im-
mediately see that each of the method variants were able to determine
the horizontal-planar angular location of the PuO2 neutron source with
the highest degree of accuracy (i.e., lowest average angular error). This
is because the discretized PuO2 neutron energy spectrum used in these
simulations has the lowest peak neutron kinetic energy range (i.e., bin),
0.501–0.630 MeV (Fig. 3.7, [12]), of the five source types tested.
Thus, neutrons from this source have the smallest average moderator
penetration depth for sufficient thermalization, such that they are most
likely to be detected by the instrument’s thermal neutron detectors
that are located closest to surface of the moderating cylinder. This
property of the 6C spectrometer’s response to lower-energy neutron
radiation results in angular-orientation-dependent library responses
that are more easily separable for PuO2 than the other source types
tested. This effect is also seen, to a lesser extent, in the Pu metal, 1.00–
1.25 MeV peak energy (Fig. 3.7, [12]), angular-orientation-dependent
library responses. However, free neutrons emitted from the other three
higher-energy source types – the discretized 252Cf, PuBe, and AmBe
neutron spectra have peak energy ranges of 1.99–2.51 MeV, 3.16–
3.98 MeV, and 3.98–5.01 MeV respectively (Fig. 3.7 , [12]) – are
most likely to be detected by thermal neutron detectors that are closer
to the central axis (i.e., further from the surface) of the moderating
cylinder, making their angular-orientation-dependent library responses
more difficult to discern.

Another noteworthy observation from Fig. 3.6A is that, while the
four method variants performed comparably well for determining
horizontal-planar angular orientations of the PuO2 neutron source, the
3D methods outperformed the 2D methods for the other two sponta-
neous fission neutron sources (the 3D-Correlation method performed

best for 252Cf, and the 3D-Correlation and 3D-Cosine methods tied for
best performance for Pu metal) and the 2D methods outperformed the
3D methods for the two (𝛼, 𝑛) neutron sources (the 2D-Cosine method
performed best for both AmBe and PuBe). The ‘‘total average angular
error’’, shown Fig. 3.6B for each method variant, is a measure of
angular orientation determination performance over all sources tested;
this metric is given by

1
360

360
∑

𝑖=1
min

(

𝜃𝑇𝑖 − 𝜃𝑀𝑖 + 360 (mod 360) , 𝜃𝑀𝑖 − 𝜃𝑇𝑖 + 360 (mod 360)
)

, (53)

where 𝑖 = 1,… , 360 enumerates the simulation test results for each
method variant (72 angular orientations × 5 source types = 360 sim-
ulation tests). This figure shows that the 2D-Cosine KPCA template-
matching method had the best overall performance in accurately deter-
mining the horizontal-planar angular orientation of these five neutron
source types; however, it is clear from Fig. 3.6A that the performance
of any variant of the KPCA template-matching method is significantly
dependent upon the neutron source type of interest.

4. Conclusions and future work

Building on prior work [7], an enhanced template-matching
technique – employing kernel principal component analysis (KPCA)
Hilbert space transformations – has been presented, providing an
accurate means to simultaneously determine the identity (source type/
radioisotope) and horizontal-planar angular location of neutron radi-
ation sources from hand-held moderating-type neutron spectrometer
measurements. The kernel PCA concepts central to this technique
were rigorously derived, in the context of such spectrometer mea-
surements, to ensure mathematical consistency, and the general KPCA
template-matching algorithm was then systematically outlined in terms
of preprocessing and real-time analysis steps. Four kernel functions –
the 2D cosine, 2D correlation, 3D cosine, and 3D correlation – were
defined in this work, and their implementation in the general KPCA
template-matching algorithm yields four unique method variants. These
method variants were then subjected to extensive simulation tests,
to compare their efficacy in distinguishing 5 unshielded source types
–252Cf, AmBe, PuBe, PuO2, and Pu metal – located at 72 discrete
horizontal-planar angular orientations – 0◦ to 355◦ in 5◦ increments –
relative to the 6C neutron spectrometer (4 method variants × 5 source
types × 72 angular orientations = 1440 tests total). For each method

68



C.B. Hoshor, J.E. Currie, W.H. Miller et al. Nuclear Inst. and Methods in Physics Research, A 931 (2019) 60–74

Fig. 3.2. 3D Correlation KPCA template-matching algorithm simulation test results for five unshielded source types: (A) 252Cf, (B) AmBe, (C) PuBe, (D) PuO2, and (E) Pu metal
(each neutron energy spectrum simulated was obtained from [12]).
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Fig. 3.3. 3D Cosine KPCA template-matching algorithm simulation test results for five unshielded source types: (A) 252Cf, (B) AmBe, (C) PuBe, (D) PuO2, and (E) Pu metal.
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Fig. 3.4. 2D Correlation KPCA template-matching algorithm simulation test results for five unshielded source types: (A) 252Cf, (B) AmBe, (C) PuBe, (D) PuO2, and (E) Pu metal.
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Fig. 3.5. 2D Cosine KPCA template-matching algorithm simulation test results for five unshielded source types: (A) 252Cf, (B) AmBe, (C) PuBe, (D) PuO2, and (E) Pu metal.

72



C.B. Hoshor, J.E. Currie, W.H. Miller et al. Nuclear Inst. and Methods in Physics Research, A 931 (2019) 60–74

Fig. 3.6. Summary plots of simulation test results, showing (A) average angular error, Eq. (48), as a function of both neutron source type simulated and method variant applied,
and (B) total average angular error, Eq. (50), as a function of applied method variant.

Fig. 3.7. Plot of the simulated neutron energy spectra [12] for 252Cf (black), AmBe (red), PuBe (blue), Pu Metal (orange), and PuO2 (green), showing fluence (cm−2) per unit
lethargy (log10 energy) vs. neutron kinetic energy (MeV). Color-filled diamonds show the peak energy range (i.e., energy bin) for each spectrum. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

variant and each neutron source type tested, the average error in
determining the angular source location in the horizontal plane was less
than ±2.2◦, and the true neutron source was correctly identified in all
but one of the 1440 method tests. While all four method variants were
shown to perform exceptionally well, the 2D-Cosine KPCA template-
matching method was most accurate overall. Additionally, although
trends in the test results revealed particular strengths and weaknesses
of each technique, the performance of all method variants were shown
to be significantly dependent upon the neutron source types of interest.

While the simulation tests conducted in this work were fairly exten-
sive, future works will focus on (1) testing these methods empirically,
and (2) drastically increasing the number of source types/radioisotopes
and shielded variants represented in the library dataset. Such an in-
crease would multiplicatively increase the size of the library data
set, which would, in turn, yield larger kernel matrices and increase
the number of Pearson correlation calculations to perform in the al-
gorithm’s real-time analysis steps. Future studies will seek an un-
derstanding of how such increases in computational complexity, and
problem complexity, effect the algorithm’s performance in analyzing
6C spectrometer measurements in real time.
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